Acoustic sensors are being employed on airborne platforms for source localization. Under certain atmospheric conditions, airborne sensors offer a distinct advantage over ground sensors. Among other factors, the performance of airborne sensors is affected by refraction of sound signals due to vertical gradients in temperature and wind velocity. A comprehensive experiment in source localization with an aerostat-mounted acoustic system was carried out in July 2010 at Yuma Proving Ground (YPG). Acoustic sources on the ground consisted of one-pound TNT denotations and small arms firings. The height of the aerostat was approximately 1 km above the ground. In this paper, horizontal, azimuthal, and elevation errors in source localization and their statistics are studied in detail. Initially, straight-line propagation is assumed; then refraction corrections are introduced to improve source localization and decrease the errors. The corrections are based on a recently developed theory [Ostashev, et. al, JASA 2008] which accounts for sound refraction due to vertical profiles of temperature and wind velocity. During the 2010 YPG field test, the vertical profiles were measured only up to a height of approximately 100 m. Therefore, the European Center for Mediumrange Weather Forecasts (ECMWF) is used to generate the profiles for July of
INTRODUCTION
Acoustic sensor arrays are being employed on airborne platforms for localization of sources on the ground. Airborne sensors have certain advantages compared to ground-based sensors, such as the minimal effect of ground, terrain, and obstacles on the sound propagation. However, the performance of airborne sensor arrays is affected by sound refraction due to the vertical profiles of temperature T(z) and horizontal wind velocity u(z), where z is the height above the ground. The theory has been developed [1] that enables one to account for sound refraction in localization of acoustic sources with elevated sensor arrays. The theory assumes that the vertical profiles T(z) and u(z) are measured or can be estimated. This theory was successfully tested [2] against the data from an experiment in acoustic source localization performed at Yuma Proving Ground (YPG) in 2007. Other factors that interfere with accurate source localization from airborne platforms were studied [3] . Long term atmospheric data sets from weather modeling systems were used for a climatological assessment of the refraction corrections over selected sites [4] .
In Sec. II of this paper, the theory developed in Ref. [1] will be revisited and extended further. In Sec. III, the experimental results in source localization from an acoustic sensor array suspended below a tethered aerostat obtained at YPG in summer of 2010 will be presented. Concluding remarks are given in Sec. IV. Figure 1 depicts the geometry of source localization with a sensor array suspended below an aerostat (or any other airborne platform). The z-axis of the Cartesian coordinate system (x, y, z) is directed upwards and the horizontal plane z = 0 coincides with the ground. A source is located on the ground; its horizontal coordinates are r 0 = (x 0 , y 0 ). An acoustic sensor array is located at the point R a = (x a , y a , z a ), at the height z a above the ground. Figure 1 depicts the case when the horizontal coordinates of the sensor array r a = (x a , y a ) are zero. The sound propagation path from the source to the sensor array is shown as a blue solid curve. The unit vector s is tangential to the path at the sensor location and coincides with the direction of the group velocity of the sound signal. In a moving atmosphere, this vector differs from the unit vector n normal to the wavefront of the signal.
THEORY

Geometry of Source Localization
Depending on the signal processing technique, either the vector s or the vector n can be measured with the sensor array. The theory developed in Ref. [1] expresses the source coordinates r 0 in a stratified moving atmosphere in terms of the vector n. If the vector s is measured, n can be calculated with Eq. (3.34) of Ref. [5] :
Here u a = u(z a ), c a = c(z a ), and c = γR g T is the sound speed, where γ = 1.4 is the ratio of the specific heats and R g is the gas constant for air. Furthermore, in Eq. (1), the parameter μ is given by
It is worthwhile expressing the vector n in the following form: n = (e n cos θ n , sin θ n ). Here, e n cos θ n and sin θ n are the horizontal and vertical components of n, the unit vector e n indicates the direction of projection of n on a horizontal plane, and θ n is the elevation angle between n and this plane, see Fig. 2 . The angle θ n is in the range 0
• . The unit vector e n is expressed as e n = (cos β n , sin β n ), where β n is the azimuthal angle defined as counterclockwise rotation of the vector e n from the positive direction of the x-axis; 0 • ≤ β n < 360
• . Similar notations are used for the vector s =(e s cos θ s , sin θ s ), where the unit horizontal vector e s = (cos β s , sin β s ). Here, θ s and β s are the elevation and azimuthal angles defined similarly to those shown in Fig. 2 .
With these notations, the relationship between n and s can be simplified. Equating the vertical components of the vectors on both sides of Eq. (1) and taking into account that the vertical component of the wind velocity u is zero, we have sin θ n = μ sin θ s .
Similarly, equating the x-components of the vectors on both sides of Eq. (1), we obtain where u a,x = u x (z a ). In the atmosphere, terms of order (u a /c a ) 2 are small and can be ignored. In this case, in Eqs. (3) and (4) 
This value of θ n is substituted into Eq. (4). We seek a solution of the resulting equation in the form β n = β s + Δβ n , where Δβ n ∼ u a /c a . As a result, we have
Here, the unit vector e s,⊥ = (cos(β s + π/2), sin(β s + π/2)) = (− sin β s , cos β s ) is perpendicular to the unit vector e s . Equations (5) and (6) are simple formulas that express the elevation and azimuthal angles of the vector n in terms of the elevation and azimuthal angles of the vector s.
Source Coordinates in a Stratified Moving Atmosphere
Equation (5) in Ref. [1] provides with the source coordinates r 0 in terms of θ n and e n , the vertical profiles of c(z) and u(z), and the coordinates of the sensor array (r a , z a ):
This formula was derived from the equation for the sound ray path r = r(z, η 1 , η 2 ) in a stratified moving atmosphere, Eq. (4) of Ref. [1] , where η 1 and η 2 are parameters, which determine a particular sound ray. The equation for the sound ray path was derived by at least three different approaches: geometrical acoustics (Eq. (3.57) of Ref. [5] ), a high frequency approximation in the wave theory of sound propagation (Eq. (4.36) of Ref. [5] ), and another approach to geometrical acoustics (Eq. (16.24) in Ref. [6] ).
, where c 0 is a reference value of the sound speed, e.g., c 0 = c a or c 0 = c(z = 0). In the atmosphere, ε 1. Neglecting terms of order ε 2 , Eq. (7) is simplified [1] :
where r 00 = r a − z a e n cot θ n , and the parameter b and vector m are of order ε:
If the vector n is measured with the acoustic sensor array, the first term on the right-hand side of Eq. (8), r 00 , determines the apparent source coordinates in the straight-line approximation. In this approximation, a straight-line is drawn in the opposite direction of the vector n until its intersection with the ground at r 00 (a red dashed line in Fig. 1 ). The second and third terms on the right-hand side of Eq. (8) give us the refraction corrections to the source coordinates in the straight-line approximation. The second term is a vector in the direction of the vector e n . Therefore, if the third term is zero or can be omitted, the sound propagation path will be in the vertical plane passing through the source and sensor array, with the vector e n also being in this plane. When the third term has a component perpendicular to the vector e n , the sound propagation path is a three-dimensional curve that deviates from this plane.
Refraction Corrections for Elevation and Azimuthal Angles
Without loss of generality, in this subsection we assume that r a = 0. Let us introduce the unit vector s 0 in the direction from the source to the sensor array. This vector is expressed as s 0 = (e 0 cos θ 0 , sin θ 0 ), where e 0 = (cos β 0 , sin β 0 ). The elevation and azimuthal angles, θ 0 and β 0 , of the vector s 0 are defined similarly to those of the vector n (Fig. 2) . With these notations, r 0 = −z a e 0 cot θ 0 and Eq. (8) is recast in the form e 0 cot θ 0 = e n cot θ n 1 − b
Taking the absolute values of both sides of this equation and omitting terms of order ε 2 yields
We express θ 0 as the sum θ 0 = θ n + Δθ 0 , where Δθ 0 is the refraction correction to the elevation angle θ n . Taking into account that Δθ 0 ∼ ε and omitting terms of order ε 2 in Eq. (11), we have
Equating the x-components of the vectors on both sides of Eq. (10) yields
where m x is the x-component of the vector m. Let β 0 = β n + Δβ 0 , where Δβ 0 ∼ ε is the refraction correction to the azimuthal angle β n . Then, omitting terms of order ε 2 in Eq. (13), we obtain
Here, the unit vector e n,⊥ = (cos(β n + π/2), sin(β n + π/2)) = (− sin β n , cos β n ) is perpendicular to the unit vector e n .
Equations (12) and (14) provide the refraction corrections, Δθ 0 and Δβ 0 , for the elevation and azimuthal angles in source localization. These simple formulas clearly show the effect of the temperature and wind velocity stratification on the refraction corrections. It follows from Eq. (14) that the azimuthal correction Δβ 0 does not depend on the temperature profile and is due to the wind velocity component perpendicular to the sound propagation path, integrated over the height z. The value of Δβ 0 decreases with range r = (x 0 − x a ) 2 + (y 0 − y a ) 2 1/2 from the source to the aerostat footprint on the ground since cos θ n increases with r. The elevation correction Δθ 0 has a more involved dependence on range. Generally, at small r/z a , the term −e n · m sin θ n is dominant in Eq. (12), while for large r/z a , the term b cot θ n prevails. If there are two or more acoustic sources on the ground, whose coordinates are known and whose signals are measured at the sensor array, Eqs. (12) and (14) would enable to find the vertical profiles of temperature and wind velocity, integrated over the height z. This idea is similar to that in Ref. [1] ; however, the use of Eqs. (12) and (14) might simplify calculation of the integrated vertical profiles.
EXPERIMENT
In this section, the theory presented above is used in the analysis of the experimental data in source localization with an acoustic sensor array suspended below an aerostat. The experiment was conducted at YPG in summer of 2010. The data obtained from 16:26 till 23:55 UTC on 6 July are presented and analyzed. The impulsive sources located on the ground were small arm firings and one-pound TNT detonations. The horizontal distances between the acoustic sources and the aerostat footprint on the ground varied from 0.5 km to 8 km. The aerostat height z a was about 1 km and varied during the experiment only within a few tens of meters. The experimental data, which was used in the analysis, is the source coordinates (x s , y s ), the aerostat coordinates (x a , y a , z a ) , and the elevation and azimuthal angles, θ 00 and β 00 , of acoustic pulses as measured with the sensor array, defined similarly to the angles of the vector n (Fig. 2) . Using the source and sensor array coordinates, it is straightforward to calculate the elevation and azimuthal angles, θ s and β s , of the vector in the direction from the source to the sensor array, defined similarly to those of the vector n.
The source coordinates r 0 = (x 0 , y 0 ) obtained with refraction corrections, Eq. (7), generally, will deviate from the actual source coordinates (x s , y s ) due to the measurement errors, assumptions about a stratified atmosphere, and geometrical acoustics approximation. As a result, the elevation and azimuthal angles θ 0 and β 0 of the vector s 0 from the point r 0 to the sensor array, generally, will not coincide with θ s and β s .
A meteorological tower was located about 1 km away from the aerostat base and provided values of T(z) and u(z) at five heights z. The maximum height of the measurements was 91 m which is insufficient to estimate refraction corrections. Therefore, the temperature and wind velocity profiles obtained from the European Center for Medium range Weather Forecasts (ECMWF) are used for 18:00 UTC on 6 July of 2010, see Fig. 3 . In this and subsequent figures, the x-axis is directed westward and the y-axis northward. It follows from Fig. 3 that the wind speed at the sensor arrays height z a was relatively small, about 4.5 m/s. In this case, according to Eqs. (5) and (6), the difference between the vectors s and n is also small. Furthermore, the sensor array was located relatively close to the aerostat, which can disturb the wind velocity field at the array. Therefore, it makes sense to differentiate between these two vectors when the wind velocity is measured at the sensor array. In what follows, we will assume that the elevation and azimuthal angles of the vector n were measured with the sensor array so that θ n = θ 00 and β n = β 00 . In the straight-line approximation, these angles are used to determine the apparent source coordinates on the ground r 00 = (x 00 , y 00 ).
First, we present the localization results in the straight-line approximation. The left two plots in Fig. 4 depict the azimuthal and elevation angle errors in source localization, Δβ 00 = β 00 − β s and Δθ 00 = θ s − θ 00 , versus range r from the actual source to the aerostat footprint on the ground for all localization events of the Yuma test. The acoustic sources were located at three distinct ranges: 0.5 − 1 km, 2 − 2.5 km, and about 8 km. It follows from Fig. 4 that the azimuthal localization errors Δβ 00 tend to decrease with range r which is consistent with Eq. (14). The mean value of the azimuthal angle errors Δβ 00 = −0.34
• is much smaller than its standard deviation σ β 00 = 1.7
• . On the other hand, it follows from Fig. 4 that the elevation localization errors significantly depend on range which is consistent with Eq. (12). For the range 0.5 − 1 km, the mean value of the elevation angle errors 〈Δθ 00 〉 = − 1.9 • is of the same order as its standard deviation σ θ 00 = 1.7
• . For the range 2 − 2.5 km, 〈Δθ 00 〉 = −2.8 • and σ θ 00 = 6.2 • ; for r ∼ 8 km, 〈Δθ 00 〉 = 5.36
• and σ θ 00 = 0.66
• .
The right plot in Fig. 4 depicts the errors (blue stars) in the x-and y-coordinates of the source obtained with the straight-line approximation. The errors are defined as Δx 00 = x 00 − x s and Δy 00 = y 00 − y s so that the actual source (black circle) is always at the center (0, 0) of the coordinate system. The red lines initiating from the red circle indicate the wind velocity directions observed at 91 m above the ground. For r ∼ 8 km, all localization errors are very large (more than 10 km) and are not shown in Fig. 4 . Except for two localization events with large positive values of Δx 00 (which might be outliers), the errors for other events tend to be close to each other: Δy 00 is in the range from −110 -90 m and Δx 00 in the range −600 -0 m.
Refraction corrections were used for four localization events that were within ±3 min of 18:00 UTC, for which the temperature and wind velocity profiles were obtained from the ECMWF operational analysis. For these events, the localization errors in the x-and y-coordinates are depicted in the left plot of • to 〈|Δθ 0 |〉 = 1.66
• . The azimuthal errors remain almost the same in both cases.
CONCLUSIONS
In this paper, source localization with an elevated acoustic sensor array has been considered. The theory developed in Ref. [1] , which enables one to improve source localization by accounting for sound refraction in a stratified moving atmosphere, was revisited and extended. In particular, analytical formulas for the elevation and azimuthal refraction corrections, Eqs. (12) and (14), were derived. These formulas are useful in the analysis of experimental data and can be used for reconstruction of the integrated vertical profiles of temperature and wind velocity with acoustic sources on the ground, whose coordinates are known and whose signals are measured at the sensor array.
The theory was applied for source localization in the 2010 YPG test, conducted on 6 July. In that experiment, the vertical profiles of temperature and wind velocity were measured only up to a height of 91 m. Therefore, the temperature and wind velocity profiles obtained from the European Center for Medium range Weather Forecasts (ECMWF) were used for 18:00 UTC on 6 July of 2010. Refraction corrections were utilized for four localization events, which were within ±3 min of 18:00 UTC. The refraction corrections enabled a 17% reduction in the radial localization error and 24% reduction in the elevation error over the results obtained in the straight-line approximation. Further studies are desirable to confirm this finding for other sites, times of the day, and atmospheric conditions.
Other localization events of the 2010 YPG test were analyzed in the straight-line approximation. It was shown that the azimuthal localization errors depend on the range only slightly, while the elevation errors significantly depend on range. 
